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We discuss the spatial limit of the quasi-local mass for certain ellipsoids in an asymptotically
flat static spherically symmetric spacetime. These ellipsoids are not nearly round but they are of
interest as an admissible parametrized foliation defining the Arnowitt-Deser-Misner (ADM) mass.
The Hawking mass of this family of ellipsoids tends to −∞. In contrast, we show that the Hayward
mass converges to a finite value. Moreover, a positive mass type theorem is established. The limit of
the mass has a uniform positive lower bound no matter how oblate these ellipsoids are. This result
could be extended for asymptotically Schwarzschild manifolds. And numerical simulation in the
Schwarzschild spacetime illustrates that the Hayward mass is monotonically increasing near infinity.
PACS numbers: 04.20.Cv
I. INTRODUCTION
In general relativity, an isolated gravitational system is described by an asymptotically flat spacetime. The Arnowitt-
Deser-Misner (ADM) mass [1], measured at spatial infinity, is one of the important Hamiltonian quantities. It is
conjectured that the ADM mass should be nonnegative under certain physically reasonable conditions. This was
proved in a mathematically rigorous way by Schoen and Yau [2, 3]. Later on, Witten provided another elegant proof
using spinors [4].
Gravity is difficult to be localized. At any fixed point, we can always choose the coordinates so that the spacetime
metric is Minkowski with all first order derivatives vanishing. This follows from the equivalence principle and makes
the notion of local mass density ill-defined. Instead, one attempts to quantify the effective mass (or energy) inside
a closed 2-surface. This introduces the idea of quasi-local mass [5]. There have been already many candidates in
the literature. For instance, we have the Brown-York mass [6], the Bartnik mass [7], the Misner-Sharp mass [8], the
Hawking mass [9], the Hayward mass [10], and the very recent Wang-Yau mass [11]. A comprehensive survey is given
by Szabados in [12].
It is widely believed that the quasi-local mass approaches the ADM mass when the 2-surface goes to spatial infinity
along certain parametrized foliations. For instance, the Brown-York mass and the Hawking mass of the coordinate
sphere in an asymptotically flat space tend to the ADM mass [6, 13–17]. This result was generalized for the so-called
nearly round surfaces [18, Definition 1.3]. Examples of surfaces which are not nearly round but whose Brown-York
mass converges to the ADM mass were given in [19]. In contrast, the Hawking mass does not behave well when the
surfaces are oblate. In particular, even in a constant time slice in the Minkowski spacetime (R3,1, ηµν), the family of
ellipsoids
Σa = { (x1, x2, x3) | (x1)2 + (x2)2 + (x
3)2
b2
= a2 } (a 1, b ≥ 1) (1)
are not nearly round, as claimed in [19], and the Hawking mass of this family tends to −∞ as a→∞. These surfaces
are of interest as an admissible foliation defining the ADM mass, cf. Remark 1.
This motivates us to find a suitable quasi-local mass so that the spatial limit behaves well for oblate surfaces, at
least for the aforesaid family of ellipsoids. No doubt our current knowledge is far away from the full solution of this
problem. In this paper, we demonstrate that the Hayward quasi-local mass seems a good candidate in this aspect.
We firstly consider the family of ellipsoids (1) in an asymptotically flat static spherically symmetric spacetime. In
contrast with the Hawking mass, the Hayward mass converges to a finite value at spatial infinity. We prove that
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2this limit has a uniform positive lower bound. It physically means that the limit of the Hayward mass is always
positive no matter how oblate these ellipsoids are. Then we show this result could be extended for asymptotically
Schwarzschild manifolds. And numerical simulation in the Schwarzschild spacetime indicates that the Hayward mass
is monotonically increasing near infinity.
The paper is organized as follows. In Section II, we briefly recall the notion of the Hawking mass. The value of the
Hawking mass seems too small. We feel that the Hayward mass could possibly reduce this drawback. Detailed analysis
and calculations are in Section III. The positivity and monotonicity of the mass near infinity are discussed in Section
IV. In Section V, we prove that for the family of ellipsoids (1) in an asymptotically Schwarzschild manifold (M, g),
the limit of the Hayward mass with respect to the metric g and the one with respect to the spatial Schwarzschild
metric are equal. Summary and outlook are given in Section VI.
As convention, the signature of the spacetime metric is assumed to be (−,+,+,+) and we are using the gravitational
system of units with c = G = 1. We will use O(ak) to denote a quantity which is bounded by Cak for some positive
constant C independent of a.
II. HAWKING MASS
Let (M˜, g˜) be a spacetime. Assume that (Σ, σ) is a spacelike closed 2-surface with the induced 2-metric σ. Consider
the ingoing (−) and outgoing (+) null geodesic congruences from Σ. Let θ± be the null expansions. Then the Hawking
mass [9] of the 2-surface Σ is defined as
mHawking(Σ) =
1
8pi
√
|Σ|
16pi
∫
Σ
(Rσ + θ+θ−)dσ.
Here Rσ is the scalar curvature and |Σ| is the area of Σ with respect to the 2-metric σ. The Hawking mass can be
rewritten as
mHawking(Σ) =
1
8pi
√
|Σ|
16pi
∫
Σ
(
Rσ − 1
2
g˜( ~H, ~H)
)
dσ
where ~H is the mean curvature vector of Σ in spacetime.
For a 2-surface Σ embedded in a spacelike hypersurface (M, g), we denote by e1 the outward unit normal, and
denote by e0 the future directed timelike unit normal to (M, g) in spacetime. Let {e2, e3} be the orthonormal frame
of the tangent bundle of Σ. Then {e0, e1, e2, e3} forms an orthonormal frame along Σ. The ingoing (−) and outgoing
(+) null vectors are l± = 1√2 (e0 ± e1). The extrinsic curvature of the hypersurface M in spacetime is denoted by
Kij = g˜(∇˜eie0, ej). A hypersurface is said to be time-symmetric if the extrinsic curvature Kij vanishes. We denote
by Aij = g(∇eie1, ej) (for i, j = 2, 3) the second fundamental form and by its trace H = trA the mean curvature of Σ
in M respectively. When a surface lies in a time-symmetric hypersurface, the Hawking mass reduces to the following
commonly seen expression:
mHawking(Σ) =
1
8pi
√
|Σ|
16pi
∫
Σ
(Rσ − 1
2
H2)dσ.
The Hawking mass of a 2-surface Σ in the flat (R, δij) (which is trivially embedded in (R3,1, ηµν)) is strictly negative
unless Σ has constant Gauss curvature. It can be shown as follows. Let κ1 and κ2 be the principal curvatures of Σ
in the flat space R3. Then
mHawking(Σ)
=
√
|Σ|
16pi
[
2 · 2piχ(Σ)
8pi
− 1
16pi
∫
Σ
(
(κ1 − κ2)2 + 4κ1κ2
)
dσ
]
≤
√
|Σ|
16pi
[
2 · 2piχ(Σ)
8pi
− 1
16pi
∫
Σ
4κ1κ2dσ
]
=
√
|Σ|
16pi
[
2 · 2piχ(Σ)
8pi
− 4
16pi
2piχ(Σ)
]
= 0.
3Here χ(Σ) is the Euler characteristic number of Σ and we have used the Gauss-Bonnet theorem.
Let us now specialize to the case of static spherically symmetric spacetime
g˜ = −eγ(R)dt2 + eλ(R)dR2 +R2dΘ2 +R2 sin2 Θdϕ2. (2)
Further assume that the spacetime is asymptotically flat:
eλ(R) = 1 +
2m
R
+O( 1
R2
), (3)
and the derivatives of λ(R) are required to have appropriate decays at infinity. Here m is the ADM mass of the
spacetime. In particular, we denote by gˆ the spatial Schwarzschild metric with eλ(R) = (1− 2mR )−1.
The ellipsoid Σa is parametrized as
x1 = a sin θ cosϕ, x2 = a sin θ sinϕ, x3 = ab cos θ.
Equivalently, one has the change of coordinates relation
R = a
√
sin2 θ + b2 cos2 θ,
a
R
sin θ = sin Θ,
a
R
b cos θ = cos Θ.
In terms of the coordinates (a, θ, ϕ), the induced 3-metric g on the time slice {t = const.} reads
g =
(
da dθ dϕ
) g11 g12 0g21 g22 0
0 0 a2 sin2 θ
 dadθ
dϕ

where
g11 = e
λ(a
√
sin2 θ+b2 cos2 θ)(sin2 θ + b2 cos2 θ),
g12 = g21 = e
λ(a
√
sin2 θ+b2 cos2 θ)a(1− b2) sin θ cos θ,
g22 =
a2
(
b2 + eλ(a
√
sin2 θ+b2 cos2 θ)
(
b2 − 1)2 cos2 θ sin2 θ)
b2 cos2 θ + sin2 θ
.
Then the orthonormal frame {e0, e1, e2, e3} along Σa reads
e0 = e
− γ2 ∂
∂t
, e1 =
1√
g11 − g
2
12
g22
∂
∂a
− g12
g22
1√
g11 − g
2
12
g22
∂
∂θ
, e2 =
1√
g22
∂
∂θ
, e3 =
1
a sin θ
∂
∂ϕ
. (4)
Straightforward calculation yields the following propositions and corollaries.
Proposition 1 The second fundamental form Aij has the following expansion:
A22 =
1
a
2b
√
1 + 6b2 + b4 − (b2 − 1) cos 4θ(
1 + b2 − (b2 − 1) cos 2θ)2√1 + b2 + (b2 − 1) cos 2θ
+
1
a2
√
2m
(− 2(b+ 7b3 + 7b5 + b7)− 3b(−1 + 19b2 − 19b4 + b6) cos 2θ + 2(b2 − 1)2(b+ b3) cos 4θ + 3b(b2 − 1)3 cos 6θ)(
1 + b2 − (b2 − 1) cos 2θ)2(1 + b2 + (b2 − 1) cos 2θ)2√1 + 6b2 + b4 − (b2 − 1) cos 4θ
+O( 1
a3
),
A23 = 0,
and
A33 =
1
a
b
√
1 + 6b2 + b4 − (b2 − 1)2 cos 4θ(
1 + b2 − (b2 − 1) cos 2θ)√1 + b2 + (b2 − 1) cos 2θ
+
1
a2
8
√
2mb
(− 1 + (b2 − 1) cos 2θ)(
1 + b2 − (b2 − 1) cos 2θ)(1 + b2 + (b2 − 1) cos 2θ)√1 + 6b2 + b4 − (b2 − 1)2 cos 4θ
+O( 1
a3
).
4Corollary 1 The mean curvature has the expansion:
H =
1
a
√
2
(
b2 − (b2 − 1) cos 2θ + 3)√(
1
b2 − 1
)
cos 2θ + 1b2 + 1 (b
2 − (b2 − 1) cos 2θ + 1)
+
1
a2
m
(
cos 6θ
(
b2 − 1)3 + 2 (b2 + 3) cos 4θ (b2 − 1)2 − 2 (b2 + 3) (b4 + 6b2 + 1)− (b6 − 83b4 + 83b2 − 1) cos 2θ)√(
1
b2 − 1
)
cos 2θ + 1b2 + 1 (b
2 − (b2 − 1) cos 2θ + 1)2 (b2 + (b2 − 1) cos 2θ + 1)5/2
+O( 1
a3
).
Proposition 2 The area form of Σa with respect to the induced 2-metric σ is
dσ =
√
detσdθ ∧ dϕ
= a2 sin θ
(√1 + b2 + (1− b2) cos 2θ√
2
)dθ ∧ dϕ
+
ma(b2 − 1)2 cos2 θ√1 + b2 − (b2 − 1) cos 2θ sin3 θ√
2
√
b2 cos2 + sin2 θ(b2 + (b2 − 1)2 cos2 θ sin2 θ)
dθ ∧ dϕ
+O(1)dθ ∧ dϕ.
(5)
Corollary 2 The area of Σa is
|Σa| = 2pia2
(
1 +
b2√
b2 − 1 arcsin
√
b2 − 1
b2
)
+O(a). (6)
In particular, when b = 1, Eqn (6) holds in the sense that b→ 1+ which means the area is precisely 4pia2.
Remark 1 The ADM mass of an asymptotically flat manifold (M, g) is originally defined as
m(g) =
1
16pi
lim
R→∞
∫
SR
(gij,i − gii,j)νjdS0R
where SR is the coordinate sphere, dS
0
R is the area form induced from the Euclidean metric, ν
j is the outward unit
normal of SR in (R3, δij). Bartnik proved the following fact, cf. [20, Proposition 4.1] or [19, Theorem 1.1]. Let
{Da}∞1 be an exhaustion of M by closed sets. Suppose that the boundaries Σa = ∂Da satisfy the following admissible
condition:
R−2a |Σa| is bounded as a→∞ (7)
where Ra = inf{|x||x ∈ Σa}. Then
m(g) =
1
16pi
lim
a→∞
∫
Σa
(gij,i − gii,j)νjdΣ0a.
For the ellipsoids (1) with b ≥ 1, Ra = inf
θ∈[0,pi]
a
√
b2 cos2 θ + sin2 θ ≥ a. Together with (6), we see that the ellipsoids
(1) satisfy the admissible condition (7) and they can be regarded as an admissible foliation defining the ADM mass.
The parameter b here indicates the oblateness of the surfaces.
Now it is easy to see that the leading term contributed to the integral 116pi
∫
Σa
H2dσ is
Ib =
1
16pi
( ∫ 2pi
0
dϕ
)( ∫ pi
0
( √2 (b2 − (b2 − 1) cos 2θ + 3)√(
1
b2 − 1
)
cos 2θ + 1b2 + 1 (b
2 − (b2 − 1) cos 2θ + 1)
)2
sin θ
√
1 + b2 + (1− b2) cos 2θ√
2
dθ
)
=
∫ pi
0
b2
(
b2 − (b2 − 1) cos 2θ + 3)2 sin θ
4
√
2 (b2 − (b2 − 1) cos 2θ + 1)5/2
dθ.
5In particular,
I1 = 1
and
I2 =
∫ pi
0
(7− 3 cos 2θ)2 sin θ√
2(5− 3 cos 2θ)5/2 dθ
=
5
8
+
pi
3
√
3
≈ 1.2296.
Therefore, the Hawking mass mHawking(Σa) =
√
|Σa|
16pi
(
1 − 116pi
∫
Σa
H2
)
dσ tends to −∞ when b = 2 as claimed in
[19, Page 530]. In some sense, the value of the Hawking mass seems too small.
III. HAYWARD MASS
As mentioned before, the Hawking mass is strictly negative for non-round surface in the flat Minkowski spacetime.
This drawback could be corrected in a natural way by adding certain ’positive’ terms. One of the implements of
this idea is referred to the notion of the Hayward mass [10]. Recall that Σ is a closed 2-surface in spacetime with
the induced 2-metric σ. Consider the ingoing (−) and outgoing (+) null geodesic congruences from Σ. Let θ± and
σ±ij be the expansions and shear tensors of these congruences respectively, and ω
k be the projection onto Σ of the
commutators of the null normal vectors to Σ. The Hayward quasi-local mass [10] is defined as
mHayward(Σ) =
1
8pi
√
|Σ|
16pi
∫
Σ
(
Rσ + θ+θ− − 1
2
σ+ijσ
ij
− − 2ωkωk
)
dσ.
Here Rσ is the scalar curvature of the 2-metric σ.
Assume that a 2-surface Σ lies in the time slice {t = const.} in a spacetime with the metric of the form ds2 =
−N2(x)dt2 + gij(x)dxidxj . Then the anoholonomicity ωk vanishes. Indeed, for any spacetime function f(t, x),
[l+, l−](f) = [
1√
2
(
1
N
∂
∂t
+ e1),
1√
2
(
1
N
∂
∂t
− e1)](f)
=
1
2
(
1
N
∂
∂t
+ e1)(
1
N
∂f
∂t
− e1(f))− 1
2
(
1
N
∂
∂t
− e1)( 1
N
∂f
∂t
+ e1(f))
=
1
2
( 1
N2
∂2f
∂t2
+ e1(
1
N
)
∂f
∂t
+
1
N
e1(
∂f
∂t
)− 1
N
e1(
∂f
∂t
)− e1(e1(f))
)
− 1
2
( 1
N2
∂2f
∂t2
− e1( 1
N
)
∂f
∂t
− 1
N
e1(
∂f
∂t
) +
1
N
e1(
∂f
∂t
)− e1(e1(f))
)
= e1(
1
N
)
∂f
∂t
.
Thus, [l+, l−] = e1( 1N )
∂
∂t which is perpendicular to the time slice and its projection onto the surface Σ vanishes.
For a topological 2-sphere in a time-symmetric hypersurface, the Hayward mass can be further rewritten as
mHayward(Σ) =
√
|Σ|
16pi
(
1− 1
16pi
∫
Σa
(H2 − 2| ◦A|2)dσ
=
√
|Σ|
16pi
(
1− 1
8pi
∫
Σa
(H2 − |A|2)dσ
= mHawking(Σ) +
√
|Σ|
16pi
1
8pi
∫
Σ
| ◦A|2dσ
(8)
where
◦
Aij = Aij − H2 σij is the trace free part of the second fundamental form.
6Now let us turn back to the static spherically symmetric spacetime (2). For the ellipsoids (1), the calculation for
H2 − 2| ◦A|2 is lengthy but straightforward, and the result is
H2 − 2| ◦A|2
=
1
a2
16b2
(1 + b2 − (b2 − 1) cos 2θ)2
+
1
a3
4
√
2mb2
(
10 + 46b2 + 6b4 + 2b6 + (−3 + 73b2 − 73b4 + 3b6) cos 2θ − 2(b2 − 1)2(5 + b2) cos 4θ + (3− 9b2 + 9b4 − 3b6) cos 6θ)
(−1− b2 + (−1 + b2) cos 2θ)3(1 + b2 + (b2 − 1) cos 2θ)5/2
+O( 1
a4
).
(9)
Note that the integral of the product of the leading order term in H2 − 2| ◦A|2 (9) and leading order term in the area
form (5) yields a positive constant eliminating the constant 1 in (8). This prevents the blow up of the Hayward mass
when a → ∞. There is further complication for the contribution of the mass. The terms giving contribution to the
limit of the mass are coming not only from the product of the term of O( 1a3 ) in H2− 2|
◦
A|2 (9) and the O(a2) term of
(5), but also from the product of the O( 1a2 ) term in (9) and the sub-leading term of order O(a) in the area form (5).
Instead, to avoid this difficulty, we can calculate (the limit of) the Hayward mass via another method. In terms of
the orthonormal frame (4), the Gauss equation reads
Rσijij −AiiAjj +AijAij = R˜ijij .
Here Rσijij is the Riemann curvature with respect to the 2-metric σ, R˜ijij is the spacetime Riemann curvature tensor
since the spacetime is time-symmetric. Summing over i, j = 2, 3, we have
Rσ − H
2
2
+ | ◦A|2 =
∑
i,j=2,3
R˜ijij (10)
where H is the mean curvature of the surface Σa in the time slice and
◦
A the trace free part of its second fundamental
form.
To calculate the spacetime Riemann curvature tensor, we make use of another orthonormal frame:
eˇ0 = e
− γ2 ∂
∂t
, eˇ1 = e
−λ2 ∂
∂R
, eˇ2 =
1
R
∂
∂Θ
, eˇ3 =
1
R sin Θ
∂
∂ϕ
.
In terms of the above orthonormal frame, the nonzero components of Riemann curvature tensor are [21, Appendix B]
R˜(eˇ0, eˇ1, eˇ0, eˇ1) = e
−λ(2γ′′ + (γ′)2 − λ′γ′)/4
R˜(eˇ0, eˇ2, eˇ0, eˇ2) = R˜(eˇ0, eˇ3, eˇ0, eˇ3) = e
−λγ′/2R
R˜(eˇ1, eˇ2, eˇ1, eˇ2) = R˜(eˇ1, eˇ3, eˇ1, eˇ3) = e
−λλ′/2R
R˜(eˇ2, eˇ3, eˇ2, eˇ3) = −(e−λ − 1)/R2.
(11)
From the equations (8) and (10), we have
mHayward(Σa) =
√
|Σa|
16pi
1
8pi
∫
Σa
2R˜(e2, e3, e2, e3)
√
detσdθ ∧ dϕ (12)
By the chain rule,
e2 =
a sin θ√
detσ
(a(1− b2) sin θ cos θ√
b2 cos2 θ + sin2 θ
e
λ
2 eˇ1 +
b
b2 cos2 θ + sin2 θ
· a
√
b2 cos2 θ + sin2 θeˇ2
)
, e3 = eˇ3. (13)
Plugging (13) into (12), together with (3), (11) and (5), we have the expansion of the Hayward mass near infinity.
Theorem 1
lim
a→∞mHayward(Σa) =
m
4
√
1 +
b2√
b2 − 1 arcsin
√
b2 − 1
b2
∫ pi
0
(2b2 − (1− b2)2 sin2 θ cos2 θ) sin θ√
1 + b2 + (1− b2) cos 2θ(b2 cos2 θ + sin2 θ)5/2 dθ. (14)
7IV. POSITIVITY AND MONOTONICITY OF MASS
For the family of ellipsoids (1) in the asymptotically flat spherically symmetric spacetime with metric (2), we have
proved that the Hayward mass is greater than the Hawking mass, and the limit of the Hayward mass is finite. This
spatial limit value in (14) is denoted by m∞(b) = lim
a→∞mHayward(Σa). A natural question arises. Whether this
m∞(b) is positive? The ratio value of m∞(b)/m is plotted below, cf. FIG. 1. Numerical simulation shows that around
1.5 2.0 2.5 3.0 3.5 4.0
b
0.96
0.98
1.00
1.02
m∞
m
FIG. 1: The ratio value of m∞(b)/m.
b = 2.2328, the ratio m∞(b)/m achieves its minimal value which approximately equals 0.9445. This indicates that a
positive mass type theorem should hold true at infinity. There is a uniform positive lower bound of the limit mass.
Theorem 2 Assume that the ADM mass m is positive. Then ∀ b ∈ [1,∞), there exists a positive constant C > 0
which is independent of b such that m∞(b) ≥ C > 0.
Recall that the parameter b is used to describe the oblateness of these ellipsoids. The physical significance of the
above theorem is the following: No matter how oblate these ellipsoids are, the Hayward mass can exceed a universal
positive value when the ellipsoids go sufficiently far away.
Corollary 3 In particular, when b = 1, the ellipsoid becomes the coordinate sphere. And in this case,
lim
a→∞mHayward(Σa) = m.
Remark 2 The coordinate sphere in an asymptotically flat manifold is nearly round [18, Example 2.2]. The trace
free part of the second fundamental form
◦
A falls off like O( 1a2 ) [18, Definition 1.3] and hence it gives no integral
contribution in (8) at infinity.
Below we provide a mathematically rigorous proof of Theorem 2. Although the integrand can be negative when b is
large enough and θ is close to pi/4, it suffices to show that the resulting integral∫ pi
0
(2b2 − (1− b2)2 sin2 θ cos2 θ) sin θ√
1 + b2 + (1− b2) cos 2θ(b2 cos2 θ + sin2 θ)5/2 dθ
has a positive lower bound independent of the parameter b. When b = 1, it is easy to see that m∞(b)/m =√
2
4
∫ pi
0
2 sin θ√
2
dθ = 1. To simplify the estimates, we make a change of variable u = cos θ so that the difficulties
8due to trigonometric function disappear. For b > 1, estimates are as follows∫ pi
0
(2b2 − (1− b2)2 sin2 θ cos2 θ) sin θ√
1 + b2 + (1− b2) cos 2θ(b2 cos2 θ + sin2 θ)5/2 dθ
= 2
∫ 1
0
2b2 − (b2 − 1)2(1− u2)u2√
1 + b2 + (1− b2)(2u2 − 1)(b2u2 + 1− u2)5/2 du
=
2√
2
∫ 1
0
2b2 − (b2 − 1)2(1− u2)u2√
b2 − (b2 − 1)u2((b2 − 1)u2 + 1)5/2 du
>
2√
2
∫ 1
0
2b2 − (b2 − 1)2u2(1− u2)
b((b2 − 1)u2 + 1)5/2 du
=
2√
2
∫ 1
0
((b2 − 1)u2 + 1)2 − (b2 + 1)((b2 − 1)u2 + 1) + 3b2
b((b2 − 1)u2 + 1)5/2 du
=
2√
2
( log(b+√b2 − 1)
b
√
b2 − 1 − (1 +
1
b2
) + (2 +
1
b2
)
)
≥ 2√
2
Then it yields
m∞(b)
m
≥ 1
4
√
1 +
b2√
b2 − 1 arcsin
√
b2 − 1
b2
2√
2
≥
√
1 + b
4
2√
2
≥
√
2
4
2√
2
=
1
2
.
This completes the proof of Theorem 2. There is still some space between 0.5000 and 0.9445. It is possible to refine
the above estimates to improve the uniform lower bound of the mass at infinity, but clearly it is beyond the scope of
this paper.
In the Schwarzschild spacetime, for large a, the Hawking mass of Σa is monotonically decreasing and it goes to −∞
as a → ∞. However, numerical simulation indicates that the Hayward mass (12) is monotonically increasing near
infinity, cf. FIG. 2.
V. ASYMPTOTICALLY SCHWARZSCHILD
In this section, we consider a special class of asymptotically flat time slices in a static spacetime. Outside a compact
set, the 3-metric g has the following expansion:
g = gˆ + τ
where
|τ |+R|∂τ |+R2|∂∂τ |+R3|∂∂∂τ | = O( 1
R2
). (15)
Here R and ∂ denote the Euclidean distance and the standard partial derivative operator on R3 respectively, and gˆ is
the spatial Schwarzschild metric. This (M, g) is said to be asymptotically Schwarzschild [19, Definition 1.4].
We will show that our positive mass type theorem could be extended for asymptotically Schwarzschild manifolds.
It suffices for us to prove the following:
Theorem 3 Let gˆ be the spatial Schwarzschild metric with ADM mass m. Let (M, g) be an asymptotically
Schwarzschild manifold in the sense of (15). Then, for the family of ellipsoids (1), the limit of the Hayward mass
with respect to the metric g equals the limit of the Hayward mass with respect to the spatial Schwarzschild metric gˆ,
i.e. lim
a→∞mHayward(Σa, g) = lima→∞mHayward(Σa, gˆ).
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FIG. 2: The ratio value of mHayward(Σa)/m for large a in the Schwarzschild spacetime.
In order to prove Theorem 3, we introduce some basic and necessary facts here. Let {e¯2, e¯3} be an orthonormal
frame of Σa with respect to the Euclidean metric g¯. Here we temporarily write the spatial Schwarzschild metric gˆ in
the conformally Euclidean form (1 + m
2R¯
)4g¯ where R¯ is the isotropic radius. Note that R = R¯(1 + m
2R¯
)2 which implies
that R and R¯ are equivalent at infinity. Then
dσ
dσˆ
= (g(e¯2, e¯2)g(e¯3, e¯3)− (g(e¯2, e¯3)2)) 12 (gˆ(e¯2, e¯2)gˆ(e¯3, e¯3)− (gˆ(e¯2, e¯3)2))− 12
=
(
((1 +
m
2R¯
)4 + τ(e¯2, e¯2))((1 +
m
2R¯
)4 + τ(e¯3, e¯3))− (τ(e¯2, e¯3))2
) 1
2
(
(1 +
m
2R¯
)4(1 +
m
2R¯
)4 − 0)− 12
= (1 +
4m+ 4m
2R¯
+O( 1
R¯2
))
1
2 (1 +
8m
2R¯
+O( 1
R¯2
))−
1
2
= (1 +
2m
R¯
+O( 1
R¯2
))(1− 2m
R¯
+O( 1
R¯2
))
= 1 +O( 1
R2
)
= 1 +O( 1
a2
).
It follows that the area form comparison is
dσ = (1 +O( 1
a2
))dσˆ (16)
and hence
|Σ|g = (1 +O( 1
a2
))|Σ|gˆ. (17)
The inverse matrices of the metrics are also close. Indeed,
gij − gˆij = (δij − (gij − δij) +O( 1
R2
)
)− (δij − (gˆij − δij) +O( 1
R2
)
)
= −τij +O( 1
R2
)
= O( 1
a2
).
(18)
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Recall that the induced metric on Σa is σij = gij − ninj and the second fundamental form is Aij = σ li σ kj ∇lnk
where n is the outward unit normal of Σa in the time slice and σ
l
i = g
ljσij .
For the ellipsoids (1) in an asymptotically Schwarzschild manifold (M, g), the second fundamental forms and the
mean curvatures have the following relation, cf. Lemma 3.1 and its proof in [19].
Aij − Aˆij = O( 1
a3
) (19)
H − Hˆ = O( 1
a3
). (20)
For the sake of completeness, we briefly sketch the key ingredients here. Let ρ(x) defined on M be the distance
function from x to Σa with respect to the metric g. According to (3.2) in [19], for any tangent vectors X,Y of Σa,
A(X,Y )− |∇ˆρ|gˆAˆ(X,Y ) = (Γˆkij − Γkij)XiY jρk (21)
where ρk =
∂ρ
∂xk
. By the assumption of the metrics, one has
|Γkij − Γˆkij | = O(
1
R3
), (22)
and
1 = gijρiρj ≥ C ′
3∑
i=1
ρ2i (23)
for some positive constant C ′. By (18), it follows that
|∇ˆρ|gˆ = 1 +O( 1
R2
) (24)
since
||∇ˆρ|2gˆ − 1| = |(gij − gˆij)ρiρj | = O(
1
R2
).
Note that Proposition 1 implies
|Aˆ|gˆ = O( 1
a
). (25)
Combining (21), (22), (23), (24) and (25), (19) and (20) are proved.
Therefore, we have
H2 − |A|2g = (Hˆ +O(
1
a3
))2 − (gˆik +O( 1
a2
))(gˆjl +O( 1
a2
))(Aˆij +O( 1
a3
))(Aˆkl +O( 1
a3
))
= Hˆ2 − gˆikgˆjlAˆijAˆkl +O( 1
a4
)
= Hˆ2 − |Aˆ|2gˆ +O(
1
a4
)
(26)
where (18), (19), (20) and (25) are used.
11
Now we are in the position to prove Theorem 3. From (8), (16) and (17), one obtains
mHayward(Σa, g) =
√
|Σa|g
16pi
(
1− 1
8pi
∫
Σa
(H2 − |A|2g)dσ
)
=
√
|Σa|g
|Σa|gˆ
√
|Σa|gˆ
16pi
(
1− 1
8pi
∫
Σa
(Hˆ2 − |Aˆ|2gˆ +O(
1
a4
))(1 +O( 1
a2
))dσˆ
)
= (1 +O( 1
a2
))
√
|Σa|gˆ
16pi
(
1− 1
8pi
∫
Σa
(Hˆ2 − |Aˆ|2gˆ +O(
1
a4
))dσˆ
)
+ (1 +O( 1
a2
))
√
|Σa|gˆ
16pi
( 1
8pi
∫
Σa
(Hˆ2 − |Aˆ|2gˆ +O(
1
a4
))O( 1
a2
)dσˆ
)
= (1 +O( 1
a2
))
√
|Σa|gˆ
16pi
(
1− 1
8pi
∫
Σa
(Hˆ2 − |Aˆ|2gˆ)dσˆ
)
+ (1 +O( 1
a2
))O(a)O( 1
a4
)O(a2)
+ (1 +O( 1
a2
))O(a)O( 1
a2
)O( 1
a2
)O(a2)
=
√
|Σa|gˆ
16pi
(
1− 1
8pi
∫
Σa
(Hˆ2 − |Aˆ|2gˆ)dσˆ
)
+O( 1
a
)
= mHayward(Σa, gˆ) +O(
1
a
).
This completes the proof of Theorem 3.
VI. CONCLUSION AND DISCUSSION
We have considered a family of ellipsoids in an asymptotically flat, static, spherically symmetric spacetime. The
Hawking mass tends to −∞ when the surface approaches spatial infinity. However, it is shown that the Hayward mass
converges to a finite value. A positive mass type theorem is established. When the ADM mass is positive, the limit of
Hayward mass exceeds a universal positive value no matter how oblate the ellipsoids are. More precisely, we rigorously
prove that the limit of the Hayward mass is greater than one half of the ADM mass by analytic estimates. It should
be mentioned that the estimates in the proof are not optimal. Numerical result indicates that m∞(b)/m ≥ 0.9400.
Improving the estimates by complicated analytic techniques is possible, but clearly it is out of the scope of this paper.
We also prove that for this family of ellipsoids in an asymptotically Schwarzschild manifold (M, g), the limit of
the Hayward mass with respect to the metric g and the one with respect to the Schwarzschild metric are equal.
Consequently, the positive mass type theorem in this paper could be extended for asymptotically Schwarzschild
manifolds. Moreover, numerical simulation in the Schwarzschild spacetime illustrates that the Hayward mass is
monotonically increasing near infinity. This builds a preferable prototype of quasi-local mass candidates, amending
certain drawbacks of the Hawking mass. However, we currently do not know what happens if the ambient space is
merely asymptotically flat. Does the limit of the Hayward mass still remain positive? Even though there is now
a plethora of quasi-local masses available, the applicability of the existing quantities breaks down at one point or
another. We believe that the hunting season for an optimal candidate is still open.
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